Without using conformal transformation, a simple type of five-dimensional f (R)−brane model is linearized directly in its higher-order frame. In this paper, the linearization is conducted in the equation of motion approach. We first derive all the linear perturbation equations without specifying a gauge condition. Then by taking the curvature gauge we derive the master equations of the linear perturbations. We show that these equations are equivalent to those obtained in the quadratical action approach [Phys. Rev. D 95 (2017) 104060], except the vector sector, in which a constraint equation can be obtained in the equation of motion approach but absent in the quadratical action approach. Our work sets an example on how to linearize higher-order theories without using conformal transformation, and might be useful for studying more complicated theories.
Introduction
In the last two decades, warped extra dimensions have been applied to explain the large hierarchy between the electroweak scale and the Planck scale [1, 2, 3, 3, 4] , the splitting of fermion masses [5] , the reproduction of Newtonian gravity on a lower-dimensional hypersurface [6, 7, 8, 9] , and recently the LHC diphoton excess [10] and LHCb anomalies [11] (see [12, 13, 14] for recent reviews on the theory and phenomenology of warped spaces).
In a type of warped extra dimensional model, our world is described as a fourdimensional topological domain wall generated by a background scalar field in Einstein's gravity [15, 7, 8, 9 ]. But it is also possible to generate pure geometric domain wall solutions in f (R) theory [16] , where the gravitational Lagrangian is an arbitrary function of the scalar curvature (see [17, 18, 19, 20, 21, 22] for early literatures and [23, 24] for comprehensive reviews on f (R) theory and its cosmological phenomenology). In this case, the domain wall is non-topological, because it connects two equivalent anti-de Sitter vacuum. More f (R) domain wall solutions can be found in Refs. [16, 25, 26, 27, 28, 29, 30, 31, 32] .
It is both important and interesting to study the linearization of domain wall solutions in a warped f (R) gravity. Because the linearization not only tells us whether a solution is stable against small metric perturbation, but also offers the spectra of graviton and radion, which is important for phenomenological applications. As a higher-order curvature theory, f (R) gravity might have some new features than Einstein's theory. But a direct linearization of f (R) domain wall is not easy, not only because one needs to carefully eliminate the residual gauge degrees of freedom, but also because the equation of motion in f (R) gravity contains derivative up to fourth order. In literature, one usually rewrite the fourth-order f (R) (the higher-order frame) as a second-order Einstein-scalar theory (the Einstein frame) by introducing a proper conformal transformation [33, 34, 35, 36, 37] . Therefore, to linearize a f (R) domain wall, one can first do the conformal transformation and then conduct the linearization in the Einstein frame [16] . To the authors' knowledge, there is only a few works directly confront the linearization of f (R) theory without using conformal transformation (see [38] for an example in f (R) cosmology). If two frames are equivalent, the perturbation equations must be frame independent. But this conclusion is not obvious. Most importantly, when more general higher-order curvature theories are considered, the conformal transformation might not be convenient any more, then a direct analysis in the higher-order frame is inevitable. The aim of this work is to confront the linearization of f (R) gravity with a warped geometry in the higher-order frame. In a previous work [39] , the linearization of f (R) domain wall has been conducted in the quadratical action approach. In this paper, we redo the task in the equation of motion approach, and compare the results with those in Ref. [39] . This paper is organized as follows. In next section, we briefly review the model and specify some conventions. The linearization of warped f (R) domain walls is conducted in Sec. 3, where the metric perturbation is decomposed into scalar, tensor and vector parts. The gauge degrees of freedom will not be fixed until in Sec. 4, where the curvature gauge will be applied to simplify the scalar perturbation equation. The result is summarized in Sec. 5.
The model
In this paper, we consider a five-dimensional metric f (R) gravity
The corresponding Einstein field equations are A warped space is described by the following metric:
where η MN = diag(−1, 1, 1, 1, 1) and a(r) is the warp factor, which depends only on the extra dimension r ≡ x 5 . Given the line element (3), it is easy to write the expressions of the connection, the Ricci tensor, the Ricci scalar and the last two terms in Eq. (2):
Here, we have used the following notations:
1. The primes represent derivatives with respect to the extra dimension r.
2. The bulk indices are always raised and lowered in terms of η MN and η MN , respectively. For example, in the last term of Γ P MN we used
Alamber operators defined with Minkowski metrics and the ordinary partial derivatives. Obviously,
The symmetrization bracket of tensor indices is defied as
for example,
Substituting Eqs. (4)- (8) into the Einstein field equations (2), we get
Obviously, the non-trivial components are
and
The summation of the above two equations leads to another useful identity:
which is a second-order differential equation for f R (r), and can be analytically solved if the warped factor is simple enough, see Ref. [16] for some examples.
The linearization of Einstein equations
Once the background solution is obtained, the next step is to consider the linear stability of the solution against small linear perturbation. Let us assume that the background solution is {a(r), f R (r)}, and the metric perturbation is
then the total metric reads
By using the orthogonal relation of the total metric
one immediately concludes that, to the linear order
Similarly, one can derive the linear perturbations of the connection, the Ricci tensor and the scalar curvature:
Here h is defined as h ≡ η MN h MN . The task of linearization is to derive the master equations for h MN . In the equation of motion approach, the linear perturbation equations are obtained by perturbing all terms in the Einstein equations:
The last two terms can be expanded as
or more explicitly,
Plugging Eqs. (20)- (21) and (25)- (26) into Eq. (22), after a long but straightforward calculation, we finally obtain the tensor form of the linearized Einstein equations:
where the scalar I is defined as
Note that to derive Eq. (27), we have used the background Einstein equation (12) to eliminate all the terms that proportional to h MN . The nontrivial components of Eq. (27) are
(µ, r) :
(r, r) :
It is well-known that the linear perturbations (27) are invariant under the following gauge transformation:
Here, we use "∆" to indicate the change of perturbations, and ξ M ≡ η MN ξ N are parameters for an infinitesimal transformation of the coordinate
To proceed, we use the symmetry of the warped space and decompose the linear perturbation into scalar, tensor and vector parts [40, 41, 42] :
The advantage of this decomposition is, as we will see later, that different parts evolve independently. Note that A, B, F, C µ , G µ , D µν are all functions of x µ and r. Among them, both C µ and G µ are transverse vectors, and D µν is a transverse and traceless (TT) tensor. In other words they satisfy the following equations:
The indices µ, ν are raised by η µν . Using these properties of the decomposed metric perturbations, we can rewrite the gauge transformation (32) as follows
Here, we applied the decomposition ξ µ = ∂ µ ζ + ξ ⊥µ such that ∂ µ ξ ⊥µ = 0. Since only the gauge transformations of B and F depend on ζ, they must appear together to ensure that the perturbation equations are independent of ζ. Therefore, it is convenient to define ψ = F − 1 2 B ′ , whose gauge transformation only depends on ξ r : ∆ψ = −ξ r . For the same reason, to make the perturbation equations gauge-invariant, C µ and G µ must appear together, and the only gaugeinvariant combination of them is v µ = G µ −C ′ µ . Obviously, v µ is also a transverse vector: ∂ µ v µ = 0. The tensor mode D µν is already gauge-invariant. Therefore, there is actually only one gauge degree of freedom ξ r to be fixed
As we will see immediately, in f (R) gravity the curvature perturbation also appears in the scalar perturbation equation, and its gauge transformation reads
Using the scalar-tensor-vector decomposition, we can expand the scalar I more explicitly as
Then, by inserting Eq. (34) into Eqs. (29)- (31) and using properties of C µ , G µ and D µν , we obtain the equation for the tensor perturbation:
This result has been derived in Ref. [43] in the equation of motion approach and in Ref. [39] in quadratical action approach.
We also obtain two equations for the vector modes
Note that from the quadratic action approach, we did not get the constraint equation (43) . Such a mismatch in the vector sector also appears in the Einsteinscalar theory [44, 45] . So far, we cannot tell the reason for this mismatch. One possibility is that the constraint equation comes from a boundary term in the quadratical action, which is neglected in Refs. [44, 45, 39] .
For the scalar modes, we obtain four equations:
Using Eq. (44), the scalar I in Eq. (40) can be simplified further:
Note that Eq. (45) can be derived from Eqs. (44) and (46). Besides, δf R = f RR δR is not an independent perturbation mode, because the perturbation of the scalar curvature can be expanded in terms of other scalar perturbations:
This equation is derived by simply inserting Eqs. (34) into Eq. (21).
The curvature gauge
To derive the final scalar perturbation equation, we need to eliminate the residual gauge degree of freedom ξ r . One convenient way to fix the gauge is to choose the curvature gauge δR = 0. In the quadratic action approach, we have derived the action of the scalar normal mode by using this gauge [39] . We will check whether this gauge leads to the same scalar perturbation equation in the equation of motion approach.
Under the curvature gauge, the independent scalar perturbation equations are
The last equation is obtained from Eq. (47) after eliminating ψ ′ by using Eq. (50).
In addition, by eliminating ψ ′ from Eq. (49) we get
Using Eqs. (52) and (53) to eliminate (4) ψ one would obtain an equation of A and h rr . But note that h rr can be eliminated by using the constraint equation (51). So, one finally would get a complicated equation of A, which will not be listed here. Our calculation shows that by defining a new variable G ≡ θA with
the final equation can be written as
This equation is nothing but the same one obtained in the quadratical action apporach either in the Einstein frame [16] or in the higher-order frame [39] . In sum, the curvature gauge leads to equivalent scalar perturbation equation, no matter from the quadratic action or the equation of motion approach. Using the theory of supersymmetric quantum mechanics, it is easy to show that any domain wall solution with f R > 0 is stable against linear perturbations (see Ref. [16] for detail).
Summary
This work sets an example on how to directly linearize a higher-order gravitational theory in the equation of motion approach. For simplicity, we only consider a simple model, namely, a five-dimensional pure metric f (R) gravity with warped geometry. In literature, one usually introduces a conformal transformation to rewrite the higher-order f (R) theory into a second-order Einsteinscalar theory, and then conducts the linearization in the later frame. But the equivalence between these two different frames to the linear-order perturbations is seldom discussed. Besides, for more general higher-order curvature gravitational theories, conformal transformation might not be convenient any more. In that case, one needs to confront the direct linearization of the corresponding theory. In Ref. [39] we discussed the first direct linearization of warped f (R) domain wall in the quadratic action approach. The present work reconsiders the linearization of the same model of Ref. [39] but follows a different approach, namely, the equation of motion approach. To compare with the results of Ref. [39] , we choose the curvature gauge to fix the gauge degrees of freedom. We find that the scalar and the tensor perturbation equations are consistent with those obtained in the quadratic action approach. For the vector mode, there are two equations, a wave equation (42) and a constraint equation (43) . In the quadratic action approach conducted in Ref. [39] , however, we only obtained the wave equation. This kind of mismatch in the vector sector also exists in Einstein-scalar theories [44, 45] . One possibility for the mismatch is that some boundary terms were neglected in the action approach. But to see if this hypothesis works, one needs a careful calculation, which will not be given here.
